We consider the discrete-time quantum walk in the plane, and present a quantum implementation of Parrondo's game for four players. Physical significance of the game strategies are also discussed.
The evolution of the two dimensional quantum walk is then defined by . The probability to find the particle at the site 
Overview of Parrondo's Game
Parrondo's game [3, 7] is a 1-player paradoxical game (the player "against the environment"). The player repeatedly chooses from among two strategies B A, . Each strategy involves a coin flip; the player adds or subtracts one unit to his capital depending on the flip outcome. The coin is biased, and the bias may depend on the amount of capital accumulated so far. We may choose the bias of both coins to be such that if sequences of strategies AA . . . A or BB . . . B are played then, the capital converges to negative infinity. However, if we switch between the strategies, the capital may converge to positive infinity [5] . Rigorously, we can define Parrondo's game as follows 
Parrondo's Game Using the Discrete Time Quantum Walk
In this section using the discrete time quantum walk (DTQW) in the plane, we present a novel scheme in which four people can play an analogue of the Parrondo game. Let R P be the probability that the quantum particle is displaced to the right of the origin, let L P be the probability that the particle is displaced to the left of the origin, let U P be the probability that the particle is displaced upward from the origin, and let D P be the probability that the particle is displaced downward from the origin. Further choose the coin operator C U as
is the coin operator used by Chandrashekar et.al [3] to evolve the DTQW version of the Parrondo game for two players. The explicit form of
. Let us write 
and
 Let the initial state of the particle at the origin,
, on which the players evolve the walk be given by 
, we can write the coin operator on the position space as 
It follows from the expression immediately above for
that the position probability distribution after the first step corresponding to the left positions is given by
, the position probability after the first step corresponding to the right and downward positions is given by
, and the position probability after the first step corresponding to the upward positions is given by
. Note that for a particle with the initial state
, using an unbiased coin operation, that is,
) can be seen to lead to symmetry of the initial state of the particle. However, from the position probability distributions after the first step, we see that the probability distributions corresponding, for example, to the left and upward positions, would be equal, 
B
as a quantum coin can bias the probability distribution of the quantum walk, despite the symmetry in the initial state of the particle. As Chandrashekar et.al [2] have noted the bias is the key ingredient necessary in developing winning strategies for Parrondo's game using DTQW which we consider in the next section.
Before we concern ourselves with winning strategies we should note that not all of the four players can win a game individually using the quantum coin accorded to them, hence emergence as joint winners is the key with some amount of cooperation. To see why, we recall that the DTQW with 
Winning Strategies for Parrondo's game using DTQW.
To device the winning strategies in the case of Players 
Remark 5.3 (Assumptions about levels of cooperation): Cooperation at level I is up to the players, since it is necessary for winning jointly. Cooperation at level II is not always up to the players, but this doesn't affect winning jointly.
We will discuss situations where the players can cooperate at both levels, and when they can only cooperate at level one.
Winning Strategies for Cooperation at Both Levels
In regards to players In this case the evolution can be written as,
, and
. Note that this strategy is also similar for the other 2-combinations of the three players, and the one 3-combination of the players. 
Section 5.2. Winning Strategies for Cooperation at Level One Only
In the previous section we considered strategies where the players are (i) permitted to consult each other to determine the winner after an even number of steps of walk evolution, and (ii) not permitted to consult each other to determine the winner after an even number of steps of walk evolution. If the number of steps is odd, the player who uses his coin operation one time more than the other player will end being the loser. In this case they can agree upon a new strategy of using both of their coins for each step of the walk such that all the players would have used their coins equally when the winner is decided. If we consider any two-combination of the three players , say players A and B for example, then the evolution of the walk can be written as            ,  ,  ,  ,  0  ,  ,  ,  0  ,  ,  ,  ,  ,  0  ,  ,  ,            ,  0  ,  ,  ,  ,  ,  ,  0  ,  ,  ,  ,  ,  0   ,  0  ,  ,  ,  ,  ,  ,  0  ,  ,  ,  ,  ,  0   ,  ,  ,  , 
